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It is known that any frame homomorphism into a compact regular frame is closed.
So the lift hβ : βL → βM of any frame homomorphism h : L → M to the Stone–Cˇech
compactiﬁcations is closed regardless of whether h is closed or not. Here we study
conditions which ensure that the lifts hλ : λL → λM and hυ : υL → υM to the Lindelöf
and the realcompact coreﬂections, respectively, are closed.
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1. Introduction
We consider γ to be any of the functors β , λ or υ with coreﬂection maps given by the join map γL : γ L → L. In particu-
lar, βL is the Stone–Cˇech compactiﬁcation, λL the Lindelöf coreﬂection and υL the realcompact coreﬂection in the category
CRegFrm of completely regular frames. For a frame homomorphism h : L → M , by a γ -lift of h we mean any of the homo-
morphisms hγ : γ L → γ M , which, in each case, is the unique homomorphism that makes the square
γ L
hγ γ M
L
γL

h
 M
γM

commute. If we need to be speciﬁc, we shall say, for instance, the λ-lift, to refer to the homomorphism hλ : λL → λM . As
mentioned in the abstract, β-lifts are always closed. So the issue at hand is when hλ and hυ are closed. Our goal in this
paper is to address that question.
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Similarly, we say closedness descends from the γ -lift if closedness of hγ implies that of h. It turns out that if a frame L satisﬁes
a variant of normality (we call it weak normality – and indeed it is strictly weaker than normality) which generalizes what
Zenor [18] calls “Property Z ”, then for any homomorphism out of L, closedness ascends to the λ-lift. This phenomenon
actually characterizes this variant of normality, as shown in Theorem 3.6. As an application to Tychonoff spaces, we obtain
a new characterization of spaces X that have Property Z among spaces whose Hewitt realcompactiﬁcation is Lindelöf; and
that is the content of Corollary 3.7.
Also, for a homomorphism out of a weakly normal frame, closedness ascends from the υ-lift to the λ-lift, as Theo-
rem 3.10 aﬃrms. This could be obtained as a corollary of the ﬁrst result if closedness descended from υ-lifts, because we
would simply let it descend, whence it would then ascend to the λ-lift as per Theorem 3.6. However, Example 3.8 shows
that closedness does not descend (even if the domain is normal) neither from the λ-lift nor the υ-lift.
So when does closedness descend? A homomorphism h : L → M is called a λ-map if
hλ · (λL)∗ = (λM)∗ · h,
that is, if the following diagram commutes:
λL
hλ λM
L
(λL)∗

h
 M
(λM)∗

In Proposition 4.1 we show that closedness descends from the λ-lift for any λ-map with a normal codomain. Finally,
closedness descends from the λ-lift to the υ-lift if the λ-lift agrees with the υ-lift, and the codomain of the latter map is
normal (Theorem 4.4).
2. Preliminaries
2.1. A brief background on frames
Our references for the general theory of frames are [11] and [15]. Recall that a frame is a complete lattice L in which
x∧
∨
S =
∨
{x∧ s | s ∈ S}
for any x ∈ L and any S ⊆ L. Our notations shall be fairly standard. For instance we denote the top element and the bottom
element of L by 1L and 0L respectively, dropping the subscripts if L is clear from the context. As usual, ≺ is the rather below
relation whilst ≺≺ denotes the completely below relation. For x, y ∈ L, x ≺ y iff x∗ ∨ y = 1 where x∗ = ∨{t ∈ L | t ∧ x = 0}
whilst x ≺≺ y iff there is a system {cr ∈ L | r ∈Q ∩ [0,1]} such that c0 = x, c1 = y and cr ≺ cs whenever r < s. A frame L is
completely regular if for each x ∈ L, x =∨{y ∈ L | y ≺≺ x} and regular frames are those in which each element is the join of
elements rather below it. A frame homomorphism is a map between frames which preserves ﬁnite meets, including the top
element, and arbitrary joins, including the bottom element. CRegFrm will denote the category of completely regular frames
and their homomorphisms; and all frames that we consider here are assumed to be completely regular.
The frame of open subsets of a topological space X is denoted by OX . A frame homomorphism h : L → M is called dense
in case it maps only the bottom element to the bottom element, and codense if it maps only the top element to the top
element. Associated with h is its right adjoint, denote by h∗ : M → L, which is given by
h∗(x) =
∨{
y ∈ L ∣∣ h(x) y}.
The frame homomorphism h is onto iff h · h∗ = idM and h is one-to-one iff h∗ · h = idL .
A point of L is an element p such that p 
= 1 and x∧ y  p implies x p or y  p. The points of any regular frame are
precisely those elements which are maximal below the top. We denote the set of all points of L by Pt(L).
An element a of L is a cozero element if there is a sequence (an) in L such that an ≺≺ a for each n and a =∨an . The set
of all cozero elements of L is called the cozero part of L and is denoted by Coz L. It is a sub-σ -frame of L which generates
L if L is completely regular. For further properties of Coz L and cozero elements, in general, see [3].
2.2. Construction of βL, λL and υL
The compact, completely regular coreﬂection of any completely regular frame L, denoted by βL, was ﬁrst constructed by
Banaschewski and Mulvey [5] as the frame of regular ideals of L. It can also be realized as the frame of regular ideals of
Coz L (see, for instance [4]). Instead of the often used construction of βL as in [5], we use its modiﬁcation using the regular
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the right adjoint of the join map βL : βL → L by rL , and recall that
rL(a) = {c ∈ Coz L | c ≺≺ a}.
If h : L → M , then the β-lift is given by hβ( J ) = {s ∈ M | s h(t) for some t ∈ J }.
Using localic language, Madden and Vermeer [13] have shown that regular Lindelöf locales form a reﬂective subcategory
of the category of locales by actually constructing the reﬂection, λL, for any completely regular locale L. We recall the
construction in frames terms because that is the category of discourse in this paper.
Let L be a completely regular frame. An ideal of Coz L is a σ -ideal if it is closed under countable joins. The regular
Lindelöf coreﬂection of L, denoted λL, is the frame of σ -ideals of Coz L. The join map λL : λL → L is a dense onto frame
homomorphism, and is the attendant coreﬂection map. It is apposite to remark that this is a special case of a more general
result concerning κ-frames (see [12, Proposition 4.4]). We denote by kL the dense onto frame homomorphism kL : βL → λL
deﬁned by kL(I) = 〈I〉σ , where 〈·〉σ signiﬁes σ -ideal generation in Coz L.
Realcompact frames are coreﬂective in CRegFrm (see, for instance, [4] and [14], for details). The realcompact coreﬂection
of L, denoted υL, is constructed in the following manner. For any t ∈ L, let [t] = {x ∈ Coz L | x t}; so that if c ∈ Coz L, then
[c] is the principal ideal of Coz L generated by c. The map  : λL → λL given by
( J ) =
[∨
J
]
∧
∧{
P ∈ Pt(λL) ∣∣ J  P}
is a nucleus. The frame υL is deﬁned to be Fix(). We denote by L the dense onto frame homomorphism λL → υL effected
by . The realcompact coreﬂection map is given by the join map υL : υL → L which is a dense onto frame homomor-
phism.
The following diagram in the category CRegFrm puts into perspective the coreﬂections γ L, the lifted frame homomor-
phisms hγ of h : L → M and the homomorphisms described above for γ ∈ {β,λ,υ} that will be used throughout. From
[8, Corollary 3.6] we have that all quadrilaterals in the diagram commute; as well as all triangles.
βL
hβ  βM
λL
hλ
k
L

λM
ﬀ
k M
υL
L

hυ


υM
M
ﬀ
L
βL

h

ﬀ
λ
L
υ L
M
βM

λ
M

υ
M 
We will also make use of the fact that for any L we have
Coz(λL) = Coz(υL) = {[c] ∣∣ c ∈ Coz L},
and, for any a ∈ L,
(λL)∗(a) = (υL)∗(a) = [a].
2.3. Characterization of hλ
The λ-lift has been described in the introduction. Let us examine how it maps, and how its right adjoint is calculated at
cozero elements. For any homomorphism h : L → M , s ∈ CozM and I ∈ λL,
s ∈ hλ(I) ⇔ s h(u) for some u ∈ I.
Indeed, since hλ(I) is the σ -ideal of CozM generated by h[I], if s ∈ hλ(I), then there is a sequence (un) in I such that
s
∨
h(un) = h(∨un). Since I is a σ -ideal, ∨un ∈ I . The converse is immediate.
In particular, for any c ∈ Coz L, a cozero element s of M is in hλ([c]) if and only if s h(c), so that
hλ
([c])= [h(c)].
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the inner diagram for γ ∈ {β,λ,υ}
γ L
ﬀ h
γ
∗
hγ
 γ M
L
(γL)∗

γL
 h 
ﬀ
h∗
M
γM

(γM)∗

since the equality γM · hγ = h · γL implies hγ∗ · (γM)∗ = (γL)∗ · h∗ . In particular, for the λ-lift, for any a ∈ M , we have
hλ∗
([a])= [h∗(a)
]
.
In Lemma 3.9 we provide the calculation of the right adjoint of the υ-lift of h : L → M in more detail and show that for any
a ∈ M ,
hυ∗
([a])= hλ∗
([a]).
3. When closedness ascends
Recall that a homomorphism
h : L → M is closed if, for all a ∈ L and b ∈ M, h∗
(
h(a) ∨ b)= a ∨ h∗(b).
It is easy to check (see, for instance, [6]) that
if the frames are regular, then h is closed iff h(a) ∨ b = 1 implies a ∨ h∗(b) = 1.
We state from the outset that the main result in this section is Theorem 3.6. Among other things, it tells us about
a condition (necessary and suﬃcient) on a frame L which ensures that the λ-lift of any closed homomorphism out of L
is itself closed. The condition, which we shall deﬁne shortly, is the frame-theoretic counterpart of what Zenor [18] calls
Property Z . We will call it weak normality, and we deﬁne it as follows.
Deﬁnition 3.1. A frame L is weakly normal if, for any a ∈ Coz L and b ∈ L with a∨b = 1, there exists c ∈ Coz L such that c  b
and a ∨ c = 1.
Some ground-clearing is needed before we can state the main result. To start, we recall a weaker notion of closedness
of homomorphisms deﬁned as follows. A homomorphism
h : L → M is weakly closed if, for every a ∈ Coz L and b ∈ M , h∗
(
h(a) ∨ b)= a ∨ h∗(b).
In [6] “coz-closed” is used instead of “weakly closed”. We prefer the latter as it emphasizes that this notion arises from a
weakening of closedness. In the case of completely regular frames (actually, complete regularity of the domain only suﬃces),
it has a characterization similar to the one of closedness cited above. Namely:
Lemma 3.2. A homomorphism h : L → M between completely regular frames is weakly closed iff for every a ∈ Coz L and b ∈ M,
h(a) ∨ b = 1 implies a ∨ h∗(b) = 1.
Proof. The left-to-right implication is trivial. For the other, it suﬃces to show that h∗(h(a)∨b) a∨h∗(b), since the reverse
inequality always holds. So consider any x ≺≺ h∗(h(a) ∨ b). Find s ∈ Coz L such that x ∧ s = 0 and s ∨ h∗(h(a) ∨ b) = 1.
Applying h, we get
1 = h(s) ∨ hh∗
(
h(a) ∨ b) h(s) ∨ h(a) ∨ b = h(s ∨ a) ∨ b,
so that, in light of the fact that s∨a ∈ Coz L, the hypothesized condition on h implies s∨(a∨h∗(b)) = 1, whence x a∨h∗(b),
and hence h∗(h(a) ∨ b) a ∨ h∗(b), by complete regularity. 
Continuing with ground-clearing, we recall from [8] the notions of β-map, λ-map and υ-map. Let γ ∈ {β,λ,υ}. A ho-
momorphism
h : L → M is a γ -map if hγ · (γL)∗ = (γM)∗ · h,
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γ L
hγ γ M
L
(γL)∗

h
 M
(γM)∗

In particular, h is:
(a) a β-map ⇔ hβ(rL(a)) = rM(h(a)) for all a ∈ L,
(b) a λ-map ⇔ hλ([a]) = [h(a)] for all a ∈ L, and
(c) an υ-map ⇔ hυ([a]) = [h(a)] for all a ∈ L.
We should point out that in [8] we erroneously claimed that β-map, λ-map and υ-map are synonyms. We pointed out
in a correction to that paper in [9] that every β-map is a λ-map, and every λ-map is an υ-map. We provided an example
of a λ-map which is not a β-map, and an example of an υ-map which is not a λ-map.
The following facts, culled from [6], give a link between closed maps and β-maps which we shall need in the statement
of the main result.
Facts 3.3. Let h : L → M be a homomorphism.
(1) If L is normal and h is closed, then h is a β-map [6, Example 5.4].
(2) If M is normal and h is a β-map, then h is closed [6, Proposition 6.2].
Consequently, we have:
Lemma 3.4. A homomorphism between normal frames is closed iff it is a β-map.
Next, let us observe that a Lindelöf frame does not distinguish between “closed” and “weakly closed” when it comes to
homomorphisms mapping into it. More precisely, we have the following lemma.
Lemma 3.5. A homomorphism into a Lindelöf frame is closed iff it is weakly closed.
Proof. Let h : L → M be a weakly closed homomorphism with M Lindelöf. Consider any a ∈ L and b ∈ M with h(a) ∨ b = 1.
By complete regularity,
∨{
h(c)
∣∣ c ∈ Coz L and c  a}∨ b = 1,
so that, by Lindelöfness, there are countably many cozero elements cn  a in L such that
∨
n
h(cn) ∨ b = h
(∨
n
cn
)
∨ b = 1.
Putting c =∨ncn , we have that c ∈ Coz L, c  a and h(c)∨b = 1. By weak closedness, c∨h∗(b) = 1, and hence a∨h∗(b) = 1,
showing that h is closed. The converse being trivial, the result has been established. 
Lastly, let us take cognizance of the following fact which will be useful in our calculations. If I and J are elements of λL,
then the set {u ∨ v | u ∈ I and v ∈ J } is a σ -ideal of Coz L, so that the join of I and J in λL is simply their join in the frame
of ideals of Coz L. As a consequence,
I ∨ J = 1λL ⇔ u ∨ v = 1 for some u ∈ I, v ∈ J .
Theorem 3.6. For a completely regular frame L, the following are equivalent.
(1) L is weakly normal.
(2) The λ-lift of any closed homomorphism with domain L is closed.
(3) The λ-lift of any closed homomorphism with domain L is weakly closed.
(4) The λ-lift of any closed homomorphism with domain L is a β-map.
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such that hλ(I) ∨ J = 1λM . Since λL is normal, there exists c ∈ CozM such that [c] ⊆ J and hλ(I) ∨ [c] = 1λM . Therefore
h(u)∨ c = 1 for some u ∈ I . Since h is closed, u ∨ h∗(c) = 1. But u ∈ Coz L, so, by weak normality, there exists d ∈ Coz L such
that d  h∗(c) and u ∨ d = 1. Since d is a cozero element, it is an element of [h∗(c)] = hλ∗([c]), and hence I ∨ hλ∗([c]) = 1λL ,
which implies I ∨ hλ∗( J ) = 1λL . Therefore hλ is closed.
(2) ⇒ (1): Let a ∈ Coz L and b ∈ L be such that a ∨ b = 1. The map h : L → ↑b, given by x → x ∨ b, is closed. So, by the
current hypothesis, its λ-lift is closed. Put I = [a] ∈ λL and J = 0λ(↑b) = {b}. Then
hλ(I) ∨ J = hλ([a])= [h(a)]= [1↑b] = 1λ(↑b).
So, by hypothesis, [a] ∨ hλ∗( J ) = 1λL . By normality of λL, there exists c ∈ Coz L such that [c] ⊆ hλ∗( J ) and [a] ∨ [c] = 1λL . But
now
hλ∗( J ) = hλ∗(0λ(↑b)) =
[
h∗(0↑b)
]= [h∗(b)
]= [b].
Therefore c is a cozero element below b such that a ∨ c = 1. Therefore L is weakly normal.
(2) ⇔ (3): This follows from Lemma 3.5 since the codomain of a λ-lift is Lindelöf.
(2) ⇔ (4): This follows from Lemma 3.4 since both the domain and codomain of any λ-lift are normal. 
Let us apply this result to Tychonoff spaces. Recall that the Hewitt extension of a continuous function f : X → Y is the
map f υ : υ X → υY which extends f to the Hewitt realcompactiﬁcations (see [10]). It is shown in [7] that
υ X is Lindelöf if and only if λ(OX) is spatial, in which case λ(OX) = υ(OX).
Following Zenor [18], we say a Tychonoff space X has Property Z if every zero set is completely separated from every
disjoint closed set. Also, a continuous map is a Z-map if it takes zero sets to closed sets. In [17], Woods calls a continuous
map f : X → Y an N-map in case
clβX f
−1[K ] = ( f β)−1[clβY K ]
for each closed set K in Y , where f β is the Stone extension of f . One checks routinely that:
(1) X has Property Z if and only if OX is weakly normal.
(2) f : X → Y is a Z -map if and only if OY →OX is weakly closed.
(3) f : X → Y is an N-map if and only if OY →OX is a β-map.
Consequently, in view of the fact that a continuous function f : X → Y (between Tychonoff spaces) is a closed map if and
only if O f :OY →OX is closed, we have the following characterizations.
Corollary 3.7. Let Y be a Tychonoff space for which υY is Lindelöf. Then the following are equivalent.
(1) Y has Property Z .
(2) For every closed map f : X → Y , f υ : υ X → υY is a closed map.
(3) For every closed map f : X → Y , f υ : υ X → υY is a Z-map.
(4) For every closed map f : X → Y , f υ : υ X → υY is an N-map.
Theorem 3.6 guarantees, among other things, that the λ-lift of a closed homomorphism out of a weakly normal frame
is closed. In the theorem that follows we will see that if the υ-lift of a homomorphism out of a weakly normal frame is
closed, then the λ-lift of the homomorphism is also closed. An obvious question, of course, is whether this assertion does
not follow from the previous theorem. That is, does closedness of the υ-lift of a homomorphism not imply that of the
homomorphism itself? The answer is negative, as witnessed by the following example.
Example 3.8. Let L be a pseudocompact frame which is not compact. The join map βL : βL → L is not closed, other-
wise it would be an isomorphism since dense closed maps are codense. Since L is pseudocompact, υL ∼= βL. Therefore
βυL : υ(βL) → υL, the υ-lift of βL , is closed as it maps into a compact frame. In fact, in this example the υ-lift (and indeed
the λ-lift) of βL is an isomorphism, but that’s neither here nor there. Observe that this example also shows that it is possible
for a homomorphism with a normal domain not to be closed even if its λ-lift is closed.
In order to prove the assertion stated just before the preceding example, we shall need a preparatory lemma. The part
of the lemma we need can be arrived at quickly, but we shall state the result more generally than is needed in order to
give the reader a bigger picture regarding the right adjoints of the λ-lift and the υ-lift of a homomorphism.
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a ∈ M.
Proof. As stated earlier the diagram
λL
hλ λM
υL
L

hυ
 υM
M

commutes. Thus, M · hλ = hυ · L , which yields (L)∗ · hυ∗ = hλ∗ · (M)∗. Since the map L : λL → υM is the action of the
nucleus  : λL → λL, and υL = Fix(), its right adjoint is the inclusion map. Thus, for any I ∈ υL, we have
(L)∗hυ∗ (I) = hλ∗(M)∗(I),
which implies
hυ∗ (I) = hλ∗(I).
Now if a ∈ M , then, as observed in the preliminaries, hλ∗([a]) = [h∗(a)], and hence hυ∗ ([a]) = hλ∗([a]) = [h∗(a)]. 
Let us observe the following. If L is weakly normal and a ∈ Coz L, b ∈ L are such that a ∨ b = 1, then [a] ∨ [b] = 1λL .
Theorem 3.10. If the υ-lift of a homomorphism with a weakly normal domain is closed, then the λ-lift of the homomorphism is also
closed.
Proof. Let h : L → M be such a homomorphism. Consider any I ∈ λL and J ∈ λM with hλ(I) ∨ J = 1λM . As observed in the
proof of the implication (1) ⇒ (2) of Theorem 3.6, there exist u ∈ I and c ∈ Coz L such that [c] ⊆ J and h(u) ∨ c = 1M . In
order to avoid ambiguity, we denote the binary join in υL and υM by unionsq. Now, in light of h(u) and c being cozero elements,
we have
[
h(u)
]∨ [c] = 1λM ,
that is,
hλ
([u])∨ [c] = 1λM ,
which implies
M
(
hλ
([u])) unionsq M
([c])= 1υM ,
and hence, in view of the fact that M · hλ = hυ · L , and L([a]) = [a] for every a ∈ L,
hυL
([u]) unionsq [c] = hυ([u]) unionsq [c] = 1υM .
Now, applying the closedness of hυ , we have
[u] unionsq hυ∗
([c])= [u] unionsq [h∗(c)
]= 1υL .
Acting the join map υL yields u ∨ h∗(c) = 1L , so that, by weak normality of L,
[u] ∨ [h∗(c)
]= [u] ∨ hλ∗
([c])= 1λL,
and hence I ∨ hλ∗( J ) = 1λL , as required. 
Informally speaking, the previous two theorems tell us that if we impose the condition on the domain of a homomor-
phism that it be weakly normal, then we can lift closedness from the homomorphism to its λ-lift, and also from the υ-lift
of the homomorphism to the λ-lift of the homomorphism. In the ﬁrst case no restriction is placed on the homomorphism
other than that it be closed, and in the second case no restriction is placed on the homomorphism other than that its υ-lift
be closed.
We shall now place some restrictions on the homomorphism. The ﬁrst is that it be “assertive”, which is deﬁned as
follows. A homomorphism
h : L → M is assertive if a ≺≺ b in M implies h∗(a) ≺≺ h∗(b) in L.
Equivalently, a and b can be taken to be cozero elements.
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(a) Any homomorphism out of a Boolean frame is assertive. On the other hand, if every closed homomorphism out of a
frame L is assertive, then L is Boolean. For, given any a ∈ L, the assertiveness of the closed map L → ↑a yields a ≺≺ a
in L as a is completely below itself in the frame ↑a.
(b) For any L, the join map βL → L is assertive, which then quickly disabuses us of thinking that the right adjoint of
an assertive homomorphism preserves cozero elements. However, if the right adjoint of an assertive homomorphism
preserves directed joins, then it preserves cozero elements.
(c) Any dense onto β-map is assertive. Let h : L → M be a dense onto β-map. Consider a,b ∈ M with a ≺≺ b. Then
h(h∗(a)) ≺≺ h(h∗(b)). Since h is a β-map, there is an s ∈ L such that s ≺≺ h∗(b) and h(h∗(a))  h(s). Take any t ∈ L
with s ≺≺ t ≺≺ h∗(b). Since h is dense, h∗h(s) t . Therefore h∗(a) h∗h(s) t ≺≺ h∗(b), whence h∗(a) ≺≺ h∗(b).
Proposition 3.12. If h : L → M is an assertive weakly closed homomorphism, then hλ is closed. So closedness ascends from an assertive
map to its λ-lift.
Proof. Consider any I ∈ λL and J ∈ λM with hλ(I) ∨ J = 1λM . By normality of λM , there exist c,d ∈ CozM such that
[c] ≺≺ [d] ⊆ J and hλ(I) ∨ [c] = 1λM .
Take u ∈ I such that h(u)∨ c = 1M . By weak closedness of h, u ∨h∗(c) = 1L . Since c ≺≺ d, the assertiveness of h implies that
there exists b ∈ CozM with h∗(c) b  h∗(d). Consequently, b is an element of [h∗(d)] = hλ∗([d]) such that u ∨ b = 1L . This
shows that I ∨ hλ∗([d]) = 1λL , and hence I ∨ hλ∗( J ) = 1λL . Therefore hλ is closed. 
We close the section by giving examples which show that being assertive and being either a β-map or a λ-map are
independent notions.
Examples 3.13.
(a) A β-map which is not assertive: Let L be a normal frame which is not Boolean. Pick a ∈ L which is not complemented.
The map h : L → ↑a which takes x to x∨ a is a closed homomorphism between normal frames. It is therefore a β-map.
Since a is the bottom element of the frame ↑a, it is completely below itself in this frame. However h∗(a) = a, which is
not completely below itself in L. So h is not assertive. Alternatively, as observed in Remark 3.11(a), for such a frame L,
there is b ∈ L such that the closed map L → ↑b is not assertive. Being a closed map between normal frames, its a
β-map.
(b) An assertive homomorphism which is not a β-map: Let L be a normal frame which is not compact. The join map βL → L is
assertive, but it is not a β-map. If it were, then, being a β-map between normal frames, it would be closed, and hence,
being dense, it would be codense, whence it would be an isomorphism.
(c) A λ-map which is not assertive: The map in (a) is an example since every β-map is a λ-map.
(d) An assertive homomorphism which is not a λ-map: Let L be a pseudocompact frame which is not compact. The join map
jL : βL → L is not codense, so there exists 1 
= a ∈ βL such that jL(a) = 1. So 1 is a cozero element of L with 1 jL(a).
If jL were a λ-map, there would exist c ∈ Coz(βL) such that jL(c) = 1. Since L is pseudocompact, this would imply
c = 1, by [16, Proposition 7.5], whence we would have a = 1.
4. When closedness descends
Going in the opposite direction from that considered above, we ﬁnd conditions which ensure that closedness descends
from the λ-lift.
Proposition 4.1. Let M be normal and h : L → M be a λ-map. If hλ is closed, then h is closed.
Proof. Suppose h(a) ∨ b = 1M for some a ∈ L and b ∈ M . By normality, take z,w ∈ CozM such that
z h(a), w  b and z ∨ w = 1.
In view of h being a λ-map, z ∈ hλ([a]). Consequently, z ∨ w = 1 implies
hλ
([a])∨ [b] = 1λM ,
whence, by the closedness of hλ , we deduce that
1λL = [a] ∨ hλ∗
([b])= [a] ∨ [h∗(b)
]
.
Taking joins yields a ∨ h∗(b) = 1, showing that h is closed. 
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Because the λ-lift of any closed homomorphism with a normal domain is closed (Theorem 3.6), we conclude that:
Corollary 4.3. A λ-map between normal frames is closed iff its λ-lift is closed.
Conditions which ensure that hυ is closed when either h or hλ is closed are hard to ﬁnd without putting rather stringent
restrictions on the frames. One such is given by the following proposition. Note that the composite
βM
kM λM
M υM
is the Stone–Cˇech compactiﬁcation of υM , by an easy application of [2, Corollary 8.2.7]. Recall from [1, Lemma 3.1] that the
right adjoint of the Stone–Cˇech compactiﬁcation of a normal frame preserves binary joins.
Theorem 4.4. Let h : L → M be a homomorphism whose λ-lift is closed. Suppose that hλ agrees with hυ on υL, and υM is normal.
Then hυ is closed.
Proof. As before we will denote the join in υL and υM by unionsq. Consider any I ∈ υL and J ∈ υM with hυ(I) unionsq J = 1υM . By
normality of υM we have
(kM)∗(M)∗hυ(I) ∨ (kM)∗(M)∗( J ) = 1βM ,
which, on applying the onto map kM , yields
(M)∗hυ(I) ∨ (M)∗( J ) = 1λM .
Recalling that (M)∗ is the inclusion map, this implies
hυ(I) ∨ J = 1λM .
Since hλ agrees with hυ on υL, hυ(I) = hλ(I), and hence we have
hλ(I) ∨ J = 1λM .
By normality of λM , there exists d ∈ CozM such that [d] ⊆ J and
hλ(I) ∨ [d] = 1λM .
Since hλ is closed, I ∨ hλ∗([d]) = 1λL . By normality of λL, there exists c ∈ Coz L such that [c] ⊆ I and
[c] ∨ hλ∗
([d])= [c] ∨ [h∗(d)
]= 1λL .
Since [c] and [h∗(d)] are in υL, this implies
[c] unionsq [h∗(d)
]= [c] unionsq hυ∗
([d])= 1υL .
Consequently, I unionsq hυ∗ ( J ) = 1υL , showing hυ to be closed. 
Corollary 4.5. Let h : L → M be a homomorphism with L weakly normal and υM normal. Assume that hλ agrees with hυ on υL.
Consider the following conditions.
(1) h is closed.
(2) hλ is closed.
(3) hυ is closed.
We have that (1) ⇒ (2) ⇔ (3).
Proof. The equivalence of (2) and (3) follows from Theorems 3.10 and 4.4, and (1) implies (3) by Theorem 3.6. 
Remark 4.6. The condition that hλ(I) = hυ(I) for every I ∈ υL, which we imposed in the last two results, can be realized.
For instance, if L =OX for some realcompact metric space X , then υL ⊆ Coz(λL). But hλ and hυ agree on Coz(λL); so the
condition holds.
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